A reinvention of the classical Maxwel demon was proposed by Szilard around the time quantum mechanics was developed. His model continues to attract great interest, especially quantum versions of it. A quantum formulation of the Szilard engine is introduced and investigated here. It is made to operate through specified cycles in such a way that all thermodynamic quantities which pertain to the system can be evaluated exactly in closed form along each sequence of steps through a cycle. It is shown that as a result of the structure of the model, it is possible to calculate and compare various thermodynamic quantities as the engine proceeds around a well defined specific cycle.
Introduction.
The story of Maxwell's demon [1] has to do with the limitations of the second law of thermodynamics [2, 3] . This has been a subject of considerable interest and some recent reviews have appeared [4, 5] . The demon is usually described as an imaginary tiny being that operates a small door on a partition which separates a box into two parts of equal volume. The box initially contains a gas which is in thermal equilibrium. Its temperature is thus uniform over the whole volume of the box. The demon can observe the molecules on the left and right sides of the box. When a molecule is observed approaching the door with speed less than the average speed from the left, he opens the door and allows a molecule to go to the right side of the box. If one is seen approaching from the right side with speed greater than the average, he then opens the door in such a way as to let it move into the left-hand side of the box. A small temperature difference is then induced between the two segments, and his actions continue to transfer heat from the colder part, the right, to the warmer part on the left without exerting any work. This model consequently violates the Clausius form of the second law of thermodynamics [6] [7] [8] [9] . There have been a number of physical mechanisms proposed which might imitate the demon. There is the trapdoor model by Smoluchowski. Moving molecules in the right side of the box can move left by pushing a door which can only open one way. Slow ones are simply reflected as the door is shut tightly enough for them and no molecules can go into the right from the left. While there have been many other mechanisms proposed, a more sophisticated model was discussed by Feynman and is referred to as the ratchet-and-pawl machine. This does not work as a perpetual engine due to thermal fluctuations [10] . Here, a quantum version of an engine first introduced by L. Szilard will be investigated. Before discussing this, it is worth going over a version of Szilard's model [11] . Szilard presented a classical analysis of Maxwell's demon, a pressure demon, and formulated an idealized heat engine consisting of a one-molecule gas. A chamber of volume V contains a gas consisting of a single molecule. A thin, massless, adiabatic partition is inserted into the chamber. The partition divides it into two parts of equal volumes. The demon measures the position of the molecule, either to the right or the left of the partition. He connects a load of a certain mass to the partition on the side where the molecule is supposed to be. Keeping the chamber at constant temperature T by means of a heat bath, the demon allows gas to perform some work W by quasistatic isothermal expansion. The gas returns to its initial state, occupying a volume V when the partition reaches the end of the chamber. During the expansion, heat Q is extracted from the heat bath, and so W = Q, as in an isothermal process. Hence, Szilard's engine completes a cycle after extracting heat Q and converting it to an equal amount of mechanical work. As the gas is expanded isothermally, the amount of extracted work W is given by
The demon seems to violate the second law. As a result of the perfect conversion of heat Q into work W , the entropy of the first heat bath has been reduced by the amount Q/T = W /T = ln 2. The second law requires that there must be an entropy increase of at least the same amount somewhere to compensate this apparent decrease. This classical setup has been called the classical Szilard engine. Over time, it was analyzed further and shown that the erasure or reset of the demon memory costs at least T ln 2 associated with the entropy decrease of the engine. This was an important advance because for the first time there appeared to exist a general equivalence relation between information and work.
The intention now is to introduce and analyze a quantum version of the engine just considered which will be called the quantum Szilard engine [12] [13] [14] [15] . Physically, the container is a potential well in which the potential is zero inside the well and infinite outside. The particle inside the box is described by a wavefunction which vanishes at the ends of the well. An impenetrable barrier is inserted to trap the particle on one side of the box. In fact, placing an impenetrable barrier into a wavefunction at a nodeless point is a complicated process because the work done depends on the speed of insertion [14] . It requires an infinite amount of work to insert the barrier instantaneously. A slow insertion requires only a finite amount of work. The processes here are considered under the condition the insertion is adiabatic; that is, extremely slow insertion of the barrier. The insertion of the wall can be thought of as the formation of a new potential barrier and thus is characterized by an increase in the height of this potential barrier. The energy levels in the box will then vary with the resulting boundary conditions. The energies will be used to define an eigenbasis for each configuration and these contribute to the quantum thermodynamic work and the internal energy of the system. Both the location of insertion along the box and the rate of increase of the potential barrier influence the level shifts. The more rapidly the height of the potential barrier increases, the greater the change in internal energy of the system. The energy becomes arbitrarily large in fact when the height of the wall tends to infinity instantaneously. To display quantum effects clearly, it is necessary to consider adiabatic insertion. It is then assumed the wall goes in adiabatically and then cycles of the quantum Szilard engine can be treated in a fully quantum mechanical way.
A single particle in a one-dimensional infinite square well constitutes the backbone of the engine. Several cyclic operations of the engine will be defined and various thermodynamic quantities are determined as it proceeds through each cycle. It is important to emphasize that the quantities of work done by the system, heat transferred and the change in internal energy in each step can be found explicitly. Quantum information plays a major role over any cycle, as it is associated with the heat absorbed by the heat bath and the work done by the system. Of course, at various stages, the physical quantities can be compared to see that there is consistency with regard to the thermodynamic laws. It is hoped that by studying such a system which bridges the quantum domain and these other areas of physics, something can be learned further about the interconnection of these areas.
The physical model
To begin with, it is necessary to describe the physical construction of the system in more detail. It will be such a cycle that the system will pass through. Initially, there will be a single particle, or molecule, of mass which is confined by the walls of a one-dimensional infinite square well of initial width L. From the Schrödinger equation, it is straightforward to obtain the energy eigenvalues E and eigenstates |E . Both of these will depend on L and are given by
and the states are given by,
where is a positive integer and 0 ≤ ≤ L.
Consider the system to be in thermal equilibrium with a heat bath which is kept at a temperature T . The initial density matrix for the system can be written explicitly in terms of the energy basis (2) as
The (L) in (3) are given by
and is Boltzmann's constant. Now (L) is the probability of the particle to reside in the eigenstate |E (L) . It is required to satisfy the normalization con- (4) is the partition function for the system given by
When designing a system at this level, the entropy of the quantum system is taken to be the von Neumann entropy [16] . The initial internal energy of the system U 0 (L) and the initial von Neumann entropy S 0 can be calculated by means of the density matrix (3) using the following results,
Since ρ 0 is diagonal, the matrix ρ 0 ln ρ 0 is diagonal such that the terms (L) ln( (L)) run along the main diagonal. By means of (6), the trace is easy to calculate and implies that S 0 is given explicitly as
Analysis of the quantum system
The physical construction of the engine has been described and now two different cyclic processes will be defined that restrict how it is to be operated. One cycle will contain an isothermal expansion, and the second cycle will have an adiabatic expansion step. These processes can be broken down into four steps. First, in the case of adiabatic insertion, an additional impenetrable infinite potential barrier is placed through the middle of the box and thereby partitions it into two sub-volumes. In this instance, there is no tunneling between the two halves of the box and the density matrix decouples after the partition is inserted [12] . This feature of the model permits the entropy to be calculated easily. Any energy eigenstate other than the ground state has nodes, and these nodes are stationary and so the barrier is inserted at a fixed node. A superposition of energy eigenstates can also have fixed nodes. A node is a point such that the timedependent wave function vanishes there. The system does not notice or respond to the insertion of the barrier since the wavefunction vanishes at the point of insertion so the energy of the system does not change [6, 14] . Afterwards, the energy is distributed between the two chambers. The wavefunction does not collapse to zero in either part during the placing of the barrier. If it did, the entropy of the system would drop without doing any work. If the barrier were to go in at a different point which is not a node, the energy is changed by an amount that depends on the rate at which the barrier goes in [12] [13] [14] . Realistic systems can be imagined which have a partition of large but finite height. The ammonia molecule for example constitutes such a system although the height of the finite potential barrier is insufficient to prevent tunneling and is continuously present. It is likely possible to construct an example more in line with this model. A solid state example should be possible in the future. A measurement has to be made which yields the location of the particle with respect to the new wall. Once this is done, the new barrier moves away from the particle moving to the other side of the box. Upon removal of the partition, the box returns to its original state and the cycle is complete [15] [16] [17] [18] [19] . 1. The quantum process is characterized by increasing very slowly the height of the potential barrier at the wall's center adiabatically so Q = 0. This implies that the system is disconnected from the heat bath.
When the barrier goes in at 0 = L 2 , the following cases can be distinguished. The eigenfunctions |E 2 (L) remain the same in full space since the insertion point is the same as one of the nodes of the eigenfunction such that the system does not notice the new wall. After the wall is in place, the state |E 2 (L) becomes |E ( L 2 ) in the left and right sides with equal probability. There is no shift in the energy levels since E ( 
When the potential is driven to infinity as noted already, the box will be divided up into independent, unrelated subspaces such that the particle is in the left or right subspaces with equal probability
The cross terms of ρ L and ρ R in the density matrix of the system ρ 1 become zero after the insertion, it decouples, and we can write,
The density matrices for the subspaces take the following form
It is the case in what follows that
As usual, L, R denote the left and right subspaces of the box. Also, 
To calculate the von Neumann entropy, the fact that
is used. This gives
Therefore, (12) implies that,
where S is defined by S = ln (2) and
). These are the classical information entropy and quantum information entropy of the system. The internal energy can then be calculated (14), it becomes
In fact, to place the new barrier, the outside mover must do work when it is implemented adiabatically. This gives rise to an internal energy change and when the measurement is performed without energy, the work done by the outside mover equals the amount of increased internal energy,
The total entropy change is
Of course S 0 − Ω > 0 as follows from the well known inequality 2 −1 ln 2 −1 + 2 ln 2 < ( 2 −1 + 2 ) ln( 2 −1 + 2 ). For the case Q = 0, the entropy change of the system (17) is not zero since this stage is a nonequilibrium process and Q = T S does not hold then. Thus, there is an increased classical information S and a decreased quantum information. In order to choose a direction for the barrier to move, it is necessary to know which side of the box the molecule is contained in. Thus, a measurement has to be made to localize the particle in one of the two sides of the wall. For our purposes, after the measurement the classical information is zero and it is supposed the particle is on the left side of the partition. Given that this is the case, the barrier will eventually reach the right side of the box. Clearly, an analogous argument can be constructed when it is found to be in the right half of the box. In practice, the entropy of a detection device will generally rise as a result of a measurement since the detector becomes more entangled with the system. This will be ignored here as attention is restricted to the box system. The state ρ 1 after the measurement collapses into ρ 2 = ρ L as is relevant to the left space. The internal energy of the system becomes
Here it is maintained that the measurement does expend energy and that the heat absorbed and work done by the system during the process are zero, Q 2 = W 2 = 0. The entropy of the system then changes to
The entropy change due to the measurement of the particle is given by
This means we now know exactly which side of the barrier the particle resides on and the classical information disappears.
Expansion and cyclic processes
2. In order for a cyclic process to be completed, the barrier must move to the right side of the box. This in effect restores the system to its original state. This can be accomplished in at least two ways. (i) The first is: consider the isothermal expansion of the barrier to the right. (ii) The second is: the system undergoes an adiabatic expansion at first and then relaxes to thermal equilibrium by undergoing contact with the heat bath. Let us examine each of these in turn.
(i) The first process that is considered consists of an isothermal expansion which is composed of two procedures. With the barrier fixed, the system is connected to a heat bath underneath the box so that the system is allowed to reach equilibrium. No work is done in this step. Next the barrier moves very slowly to arrive at the right end of the box. This restores the system to the initial configuration. It is required that the second phase maintains the system and heat bath in thermal equilibrium. The state of the system with the divider at position is described by the density matrix
In (21), ( ) represents the probability of the particle to occupy the -th energy level with energy
The first stage of the procedure ends with a density matrix of the form,
The associated work and internal energy are
The heat absorbed goes into the increase of the internal energy,
25) The entropy of the system is obtained as the von Neumann entropy using density matrix ρ 3 , which is again diagonal
The entropy change at this point is given as
It can be concluded that the system state changes from ρ 2 to ρ 3 by absorbing heat Q 3 to erase information ∆S 32 . During the final phase, the system entropy increases gradually and attains its maximum S 4 at = L, at which point the system returns to the initial equilibrium state ρ 0 . Consequently,
The quantum entropy change is given by
In the quantum version of the engine, during isothermal expansion, the quantum information is gradually erased as the barrier moves returning the system to the initial state. The heat Q 4 absorbed has erased the quantum information. Therefore, we calculate that
So the quantum information in the insertion and the measurement has been completely erased, and (30) can be summarized as
To finally conclude, this analysis implies that the amount of quantum information obtained equals the total amount of quantum information erased by absorbing heat during the cycle.
Adiabatic expansion
Another operation can be imagined whereby the system first undergoes an adiabatic expansion without contacting the heat bath until the barrier reaches the right side of the well.
(ii) At this point, the heat bath is placed in contact with the system and it is allowed to reach thermal equilibrium. Since the expansion phase is adiabatic, the absorbed heat is Q 3 = 0, and the process is nonequilibrium. The probability distribution of the energy levels is the same as that immediately after insertion and measurement, so the probability of the system being in level is ( ) =
When the barrier finally gets to the side at = L, the internal energy U 3 (L) is calculated to be
The quantum entropy of the system remains unaltered,
By hypothesis, no heat is absorbed during this process. The work W 3 equals the internal energy decrease which can be simplified to the following form by means of (22)
Once the partition has arrived at the right side, the heat bath is placed in contact with the system and it reaches thermal equilibrium. No work is done, hence W 4 = 0. Thus, the system only absorbs heat Q 4 which can be calculated. (35) and (16), Q 4 is given as
Consequently, Q 4 is also the total heat absorbed in a cycle with adiabatic expansion. This is used to erase the quantum information ∆S 0 − Ω. This implies that the total heat and work Q , W in this cycle are,
since Q 3 = 0 and W 4 = 0. With
Completion of cycle
In all of the processes introduced here, the barrier will always end up on the right side of the box after the expansion. The system will not be disturbed by extracting the barrier so the work and heat satisfy W = 0 and Q = 0. Alternatively, the barrier can be imagined sufficiently thin that it simply makes up the face of the right wall without causing the length of the box to change. At this point, the container has returned to its initial state. Since each step of an entire cycle has been treated, it is worth looking at the total heat absorbed and total work done by the system for each of the two processes. In the isothermal case, the total amount of heat absorbed Q from the heat reservoir is Q = Q 1 +Q 2 +Q 3 +Q 4 = Q , so
(38) Thus, Q aids in restoring the quantum entropy to its maximum value S 0 from Ω. The quantum information assists the system in absorbing heat Q and eventually it returns to the initial state. The total work and total heat Q can also be expressed as W = W +W +W = Q such that W = −W 1 and
This can be said to imply that the total absorbed heat is fully transformed into work bringing the system back into the initial state. The adiabatic expansion is similar to the isothermal expansion. The total heat Q and the total work W are given by
The equations (39), (40) show that the total amount of heat absorbed equals the total work W for both cyclic processes.
Experimental realizations and summary
The situation described is quite idealized, for example with regard to the partition insertion through only fixed nodes. It clearly illustrates though how quantum mechanics plays a significant role and may contribute to a new theory. The types of system described here are not all together thought experiment. Progress has been made in realizing them experimentally. There has been very significant progress in constructing these kinds of systems involving the use of lasers that play the role of the partition and not only that, in finding applications for them [17] .
Moreover, it may be possible that the kind of deep well that is used here can be created by means of solid state devices. It is possible that other types of quantum devices can be produced which may imitate the processes discussed here, such as those which have been mentioned recently [18, 19] . There are four physical quantities which appear in the cycles which make up the processes discussed here, internal energy, work, heat and of course entropy or information. These engines lead perhaps to the notion that entropy-information play a dual or complementary role with respect to one another, like waveparticle duality. In the classical Szilard engine, internal energy is conserved through the whole cycle. In the quantum model discussed here, it is changed during insertion and in both types of expansions. In the classical case, work is only performed during expansion processes while in the quantum version, work is done in both insertion and expansion processes. It is clearly the quantum nature of matter that is put in evidence during insertion. In the quantum isothermal model, it occurs twice, after insertion and contact with the heat bath. For the adiabatic expansion it occurs only upon contacting the heat bath. The total absorbed heat is used to erase the quantum information. The classical engine erases classical information, so these two engine designs instigate a contrast between the classical and quantum information entropy, and have different origins. The latter is related to the distribution of entropy. Since the insertion and measurement lead to quantum entropy decrease, the heat is required later to compensate for the quantum entropy change and to return the system to its initial state. The outcome then is that the second law of thermodynamics is not violated in the type of quantum Szilard engine introduced in this model.
